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Abstract A new correlation between Poisson’s ratio (v)
and ultrasonic longitudinal wave velocity (VL) has been
established and the resulting correlation has been shown to
agree well with experimental data on v versus Vi for a
variety of porous powder compacts. Further, it has been
demonstrated that ultrasonic longitudinal wave velocity
can be used to estimate the elastic properties of sintered
powder compacts.

Introduction

The elastic behaviour of sintered ceramic and metallic
powder compacts are assuming great importance due to
many novel usage of these materials with engineered pore
structures, such as, cellular ceramics, metallic and ceramic
foams and so on. Among the elastic properties, consider-
able research has been carried out for estimation of the
effective Young’s modulus (E) and shear modulus (G) of a
porous body within a limited range of average porosity (p).
Many theoretical correlations have been proposed for
describing the variation of E and G with p [1-6]. In com-
parison, very little work has been done on the estimation of
the effective Poisson’s ratio (v) of a porous material,
which, for structural calculations, is no less important than
the other moduli £ and G. Apart from its usefulness from
the structural design point of view, Poisson’s ratio is also
unique among the elastic moduli in revealing information
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about interatomic forces. This property of v has been
exploited to reveal the change in interatomic forces near
the critical transition temperature Tc for high T super-
conductors [7]. However, the limited amount of research
on the estimation of Poisson’s ratio for porous materials
has contributed to a debate regarding the porosity depen-
dence of Poisson’s ratio. While some argue that v is
invariant with p [8], some others show the dependence of v
on p [4, 9, 10]. Such debates may possibly be attributed to
the fact that the Poisson’s ratio is not directly measured,
but derived from the Young’s modulus and the bulk or
shear modulus. The errors in measuring these moduli
combine to yield values of v which are prone to inaccu-
racies of higher order. As a consequence, correlation of v
versus p do not always fit experimental data very well as
reported by Dean [3] and Arnold et al. [10]. In a recent
study Phani and Sanyal [11] have reported an improved v
versus p correlation which accounts also for the pore shape
and established its efficacy with data for ribbon like pores
[12] and spherical pores [13]. However, such correlations
may have limited practical usage due to measurement
difficulties of the ultrasonic shear wave velocity as dis-
cussed in the following paragraph.

Ultrasonic pulse-echo technique is a well-accepted
method for determination of the elastic properties of dense
and porous materials. For determination of v, it is necessary
to measure two ultrasonic velocities, namely, the longitu-
dinal wave velocity (V1) and the shear wave velocity (Vs),
respectively. Though V| can be conveniently measured for
a porous material, measurement of Vg creates appreciable
difficulties as the transduction of shear wave through the
material requires a good contact between the probe and the
porous substrate. In some materials, such as, porous irra-
diated nuclear fuel material (e.g., UO,), measurement of Vg
through ultrasonic means is nearly impossible due to the



J Mater Sci (2007) 42:8120-8125

8121

extreme fragility of the porous substrate [14] In such cases,
an indirect measurement of Vg through the Rayleigh wave
velocity Vg is done using acoustic microscopy [14]. From
physical acoustic theory, one can write [15]:

s o
o el | =i @

where subscript 0 refers to the respective values of vari-
ables for pore free materials or mean polycrystalline
(VRH) values calculated from single crystal data and
normalized longitudinal velocity V= VL/Viy. These
equations show that if the elastic properties of pore-free
material are known, one can determine the elastic moduli
only from the longitudinal velocity, Vi, provided the var-
iation of v with the normalised longitudinal velocity is
known.

The present study addresses the twin issues of exploring
the feasibility of estimating effective Poisson’s ratio with
the help of ultrasonic longitudinal wave velocity Vi alone
and developing an appropriate correlation which represents
the variation of Poisson’s ratio with porosity for a sintered
powder compact.

Figure 1 shows the variation of the effective Poisson’s
ratio (v) with a function f(v) = IK”VO Vi which is a product of
the normalised longitudinal velocity V| and the parameter,
110\,0 calculated from Poisson’s ratio of the pore free
material. The significance of the above factor will be
clarified in the subsequent section. Figure 1 clearly depicts
that not only the effective Poisson’s ratio is a function of
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Fig. 1 Variation of the effective Poisson’s ratio with f{(v)

f(v) for a wide variety of powder compact materials (cov-
ering more than 200 data points) but also appear to fall on a
single curve which is shown in the same figure. The deri-
vation of the equation of the curve will be done in the
subsequent section. A closer look at Fig. 1 reveals that at
high longitudinal ultrasonic velocities (or low porosities)
the experimental Poisson’s ratio data closely follow the
theoretical curve derived in this work, while at low
velocities (or high porosities) the scatter of data around the
suggested curve is more. Considering the fact that v is a
derived property based on the ratio of E to G and at high
porosities (low values of V[') where E and G are both small,
v is more prone to errors than at low porosities (high values
of V'), the scatter can be considered within acceptable
limits. In the subsequent section, we systematically present
our correlation of v versus Vi followed by another corre-
lation of v versus p derived on the basis of Vi versus p of
correlations developed earlier by Phani et al. [16, 17].

Analytical derivation

Equation (2) which expresses the effective shear modulus
(G) as a function of effective Poisson’s ratio v and the
normalised longitudinal ultrasonic wave velocity V| can
yield a correlation between G and V| only, provided a
functional relationship between v and V| can be estab-
lished. This is possible because, for most porous materials,
p/po can be determined as a function of V| from experi-
mental data. Our first task was, therefore, to seek a corre-
lation between (1 — 2v)/(1 — v) versus V{. Figure 2 shows
the variation of A (v) = (1 —2v)/(1 — v) versus V| for a
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number of oxides. In all cases, A (v) decreases linearly with
respect to the normalised velocity, Vi. Therefore, we
assume that this variation can be described by the linear
relation

AW) = Ag— Ay -V (3)

where A (v) = (1 —=2v)/(1 —v) and Ay and A; are two
constants. To make this equation compatible with the
physical phenomena it represents, we determine the value
of the constants from the boundary conditions

at Vi =0 v=0
at Vi =1 V=",

Substituting these values in Eq. 3 yields Ag = 1 and

Ay = IXOVO. Equation 3 can now be written in terms of a Ag
and A, as
Yo
Alv) =1- % 4
() =12V )

For all the oxides shown in Fig. 2, Eq. 4 has been plotted
using the v, values of 0.356, 0.318 and 0.296 for ZnO, UO,
and iron, respectively. These values were taken from single
crystal data reported in the literature [18-20]. Considering
the scatter in the v values as discussed earlier, the
agreement between Eq. 4 and the data can be considered
as extremely good. From Eq. 4, it is evident that the
Poisson’s ratio v is a function of V', which is given by the
following relation:

Vo VE

1—vo

V=
Vo K
I+ 22 vy

(5)

The parameter 110% Vi is nothing but the non-dimensional
function f(v) in the abscissa of Fig. 1. This factor has been
chosen to draw Fig. 1 to facilitate the representation of all
the data for oxides in a single curve of the rectangular
hyperbola which is given by Eq. 5.

Because of the scatter in the data, the agreement
between the data and the equation can only be judged
qualitatively. However, an indirect way of verifying the
accuracy of the proposed correlation is to assume that Eq. 5
is exact and predict the other elastic properties such as
shear are bulk moduli based on this equation and compare
them with the corresponding experimental data.

Considering Eqgs. 2 and 4, one can write:

G P 2
— =1 -4,V \mV] 6
Go Po[ IL] L ()

where m = (1 — vo)/(1 — 2v(), which is a constant for a
specific material.

@ Springer

To express the above relation in terms of V| alone, p/pg
must be expressed in terms of V. The dependence of the
ultrasonic velocity on porosity can best be described by a
power law relation of the form [17, 18]:

Vi=(1-p) 7

where the exponent n is dependent on the pore morphology
of the material [17]. In the lower porosity limit, a series
expansion of Eq. 7 reduces to the linear relation when
higher order terms in p are neglected:

Vi=1-np (®)

where the porosity is expressed in terms of the relative
density as

p=1-p/p, )

Combining Egs. 8 and 9, we get:

p Vi+n—1

- ; (10)

Finally a relation between the shear modulus, G and the
longitudinal ultrasonic velocity, V| is obtained by
combining Egs. 6 and 10, as follows:

G*:m(ij—f—n—l)(l—Alij) v (1)
n
Equation 11 shows that the shear modulus can be calculated
from longitudinal ultrasonic velocity, Vi only knowing the
value of n and the pore free material properties.

A similar equation can also be derived for bulk modulus:

K 2
— Vi 12
= - : (12

1—vg
I+vo"

where K is the normalized bulk modulus and m; =

Results and discussion

Figure 3 is a plot of ultrasonic longitudinal wave
velocity versus porosity for uranium dioxide reported by
various researchers [14, 15, 21]. The Eq. 8 was fitted to
the data taking Vi, value of 5478.96 m/s (calculated
from mean polycrystalline (VRH) values obtained from
measured single crystal data of UO, [20]) giving a value
of n =1.701. The fit between the data and the equation
was evaluated in terms of the sum of squares, Q, given
by:
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Fig. 3 Variation of the ultrasonic longitudinal wave velocity of UO,
with porosity

Q=1—’_z,,1:— (13)

where S and S are the mean and the theoretically estimated
modulus values, respectively. A value of Q = 0.960 indi-
cates a good fit between the two.

Figure 4 is a plot of normalized shear modulus (G")
versus normalized longitudinal velocity (V}) for uranium
dioxide data reported by Gatt et al. [14] and Boocock et al.
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Fig. 4 Variation of the normalised shear modulus of UO, with
normalised ultrasonic longitudinal velocity

[21]. G values are calculated using the pore free material
value of Gy = 87.4 GPa. Also shown on the plot Eq. 11
with n = 1.701. The plot shows an excellent agreement
between the experimental data with the values predicted
from Eq 11. Both the datasets exhibit a very good fit with a
very high value of Q which is given in Fig. 4. The maxi-
mum deviation of G value predicted from Eq. 11 is within
+6% of the experimental one. A more sensitive test for the
validation of the correlation for Poisson’s ratio given by
Eq. 5 is a comparison between the normalised bulk mod-
ulus (K*) calculated from the measured values of E* and G
with the values predicted from Eq. 12. Figure 5 shows K
values for UO,, estimated from the corresponding values of
E" and G” plotted against normalized velocity (V§) for the
data reported by Gatt et al. [14] and Boocock et al. [21]
along with the plot of Eq. 12. The agreement between the
data reported by Gatt et al. [14] and Eq. 12 is excellent
having a value of Q = 0.996. For Boocock et al.’s data, the
closeness of the calculated points to the theoretical curve is
acceptable (Q = 0.868) considering the sensitivity of these
calculations to the propagation of experimental errors in
measurement of £ and G.

For the other two powder compacts namely ZnO and
iron reported by Martin et al. [18], Panakkal et al. [22],
Spitzig et al. [20], Yeheskel [23] and Beiss et al. [24],
predicted G values from Eq. 11 also showed excellent
agreement with the experimental data having Q values
varying in the range of 0.970-0.981. However, only the
comparison of bulk modulus is given here. For this pur-
pose, the bulk modulus (K) for ZnO and iron powder
compacts were estimated from E and G. The values were
normalized using pore free material bulk moduli values of
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Fig. 5 Variation of the normalised bulk modulus of UO, with
normalised ultrasonic longitudinal velocity
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143.6 and 168.7 GPa and longitudinal velocity values of
5972.9 and 5960.0 m/s for ZnO and iron, respectively. The
values n were estimated as 1.510 and 1.923 from Eq. 8 for
Zn0O and iron, respectively from the experimental data [18,
22]. Figure 6 shows the plot of K~ versus Vi for ZnO and
iron powder compacts along with the plots of Eq. 12. In
both cases, the predicted values show excellent agreement
with the data having Q values of 0.996 and 0.986 for ZnO
and iron, respectively. Thus, it is established that the
proposed correlation between the Poisson’s ratio and the
normalised velocity given by Eq. 5 holds well for a range
of oxide ceramics and powder compacts.

Equation 8 can be combined with Eqgs. 5, 11 or 12 to
predict variation of v, G or K with porosity. For v the
equation is given by

b Ay (1 —np) (14)
1+ 4,(1 —np)

Equation 14 along with Poisson’s ratio versus porosity data
reported by Panakkal [21] has been plotted in Fig. 7.
Considering the scatter in v values for reasons mentioned
earlier, the agreement between Eq. 14 and data can be
considered acceptable even though the O value is 0.78 and
it predicts correctly the trend in the reduction of v with
porosity.

Conclusion

A new correlation between Poisson’s ratio and longitudinal
ultrasonic velocity has been suggested and shown to agree
extremely well with experimental data for a number of
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Fig. 7 Variation of Poisson’s ratio of UO, with porosity

powder compacts. The elastic property values of materials
prepared from powder compacts predicted based on this
equation using physical acoustics theory agree with the
experimental data within +6%. Considering the error
involved in experimental determination of these elastic
moduli, we regard the fit to be quite good for the purpose of
quantitative non-destructive evaluation of the Poisson’s
ratio and other elastic moduli.

Moreover, it is established that ultrasonic longitudinal
wave velocity alone can be used for the determination of
elastic properties of materials. Variation of Poisson’s ratio
with porosity predicted from the proposed equation also
agrees quite well with the experimental data.
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